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Abstract 
A method for numerical computation of low-frequency electric 
field near power apparatus and systems based upon the method 
of moments and the thin-wire approximation is described in this 
paper. Main feature of the method is a smooth approximation of 
unknown line charge densities, which is enabled by application 
of cubic splines. The applicability of the method is illustrated 
by the analysis of the occupational and general public electric 
field exposure in substations and in the vicinity of power lines. 
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1.    Introduction 
The analysis of the exposures to low-frequency electric 
field is nowadays an integral part of design in the area of 
power apparatus and systems.  National standards define 
maximal values of electric field strength for occupational 
and general public exposure to such a field and design 
solution must be checked with respect to that criteria.  

In the analysis of occupational and general public 
electromagnetic field exposure near power apparatus and 
systems we are interested in the steady-state time-
harmonic electromagnetic fields at the frequency of 50-
60 Hz. At these frequencies the electromagnetic field is a 
quasi-static field and effect of electric and magnetic 
fields can be analyzed separately [1].  

We study fields in the areas where humans may stay for 
longer periods (occupational period of stay is eight hours 
per day and general public period of stay is 24 hours per 
day). Thus, we are interested only in fields that are far 
away from sources and therefore we may model sources 
(charges) as being distributed over one-dimensional lines 
(thin-wires). We neglect insulators because they 
influence the electric field only in a near region. 

The most effective solution method for such linear and 
unbounded problems is the application of the method of 
moments that is based upon the boundary integral 
formulation for known scalar electric potential of 

conductive parts. Geometry of conductive elements of 
power apparatus and systems is approximated by straight 
lines and second-order curves. Unknown distribution of 
charge density in the electric field computation is 
approximated by cubic splines, and the coefficients of the 
distribution are determined from known potentials by 
point matching.  

The application of described computational approach is 
illustrated by the analysis of the occupational 
electromagnetic field exposure in a 400/110 kV 
substation and on the intersection of 400 kV and 110 kV 
transmission lines at the frequency of 50 Hz. Computed 
fields are compared to the allowed values of electric and 
magnetic fields that are defined by the Croatian 
legislation. 

 
2.    Numerical calculation 
In computation of electric field we deal only with 
conductors at known potentials. The earth is assumed to 
be a perfect conductor and we take into the consideration 
the earth influence by the method of images. The phasor 
of the scalar electric potential ( )rϕ r

& at any point rr on the 
total surface of conductors is related to the phasor of line 
charge density ( )rλ ′r& at any point r′r on all thin-wire 
elements (original and image line charges) l by the 
equation [2] 

      
   (1) 

 
In order to determine the unknown function ( )rλ ′r& , the 
method of moments is applied. The thin-wires are divided 
into the finite segments ( 1,... )i Sl i N∆ =  that may be 
straight lines and circular arcs. On the ith finite segment 
we expressλ&  by NB basis functions tk as 
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A cubic distribution (NB = 4) is assumed for λ& on each 
segment and the dependence of the basis functions tk 
upon the dimensionless parameter s (1 ≥ s ≥ 0) is  

                                          
(3) 

 
In order to define the basis functions tk we use the values 
of the line charge density and the derivatives of the line 
charge density at the beginning (s = 0) and at the end (s = 
1) of the segment. The line charge density on each 
segment is defined by 
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(4) 
Thus, the values and the derivatives at the beginning and 
at the end are: 
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The coefficients ci (i=1,2,3,4) are 
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The substitution of the coefficients ci (i=1,2,3,4) into (4) 
results in 

                  
(7) 

 
Accordingly, the coefficients akj in (3) are contained in 
the matrix 
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The coefficient Ki1 in (2) is the value of the line charge 
density at the beginning of the i-th segment, Ki2 is the 
derivative of the line charge density at the beginning of 
the i-th segment, Ki3 is the value of the line charge 
density at the end of the i-th segment, Ki4 is the 
derivative of the line charge density at the end of the i-th 
segment. The substitution of (2) into (1) results in the 
linear integral equation 

                                    
 (9) 

 
We derive a linear equation system for unknown 
complex coefficients Lik by point matching at the points 

defined by 
3
1

=s  and 
3
2

=s  on each segment. The line 

integrals in (9) are computed numerically using a 
globally adaptive scheme based on Gauss-Kronrod rules. 
The solution of the system determines the differentiable 
approximation of the line charge λ& on each segment. 
Afterwards, by the usage of the expression  
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we may calculate the vector-phasor of the electric field 
strength at any point rr . Such vectors are elliptically 
polarized and their magnitude varies with respect to time. 
We use the effective value of the magnitude 
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as an equivalent value of elliptically polarized field 
vectors in studies of electromagnetic field exposure. 
 

3.    Analysis of Electric Field Exposure 

 
The International Commission on Non-Ionizing 
Radiation Protection (ICNIRP) issued the Guidelines [3] 
for limiting the electromagnetic field exposure up to 300 
GHz. The analysis of the electric field exposure may be 
divided into two parts:  

A.    Analysis of the occupational exposure 

The analysis of the occupational exposure deals with 
healthy adults who are aware of the risk and who are 
likely to be subject to medical surveillance. The 
recommended occupational reference level for the 
frequency of 50 Hz is V/m10000=refE . The accepted 
limit value for occupational exposure in Croatia 
is V/m5000=lE . 

B.    Analysis of the general population exposure 

The analysis of the occupational exposure has to be based 
on “broader considerations such as health status, 
environmental conditions, special sensitivities, possible 
effects on the course of various diseases, as well as 
limitations in adaptation to environmental conditions and 
responses to any kind of stress in old age”.  The influence 
of these considerations is insufficiently explored, and the 
limits for general population exposure have to be 
considerably smaller. The recommended general public 
reference level for the frequency of 50 Hz 
is V/m5000=refE . The accepted limit value for general 
public exposure in Croatia is V/m2000=lE .  

As an example of the application of the described 
procedures we analyze the occupational exposure in a 
400 kV part of a substation that consists of five 400 kV 
lines and two power transformers. The model of the 
substation is shown in Fig. 1. 
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Figure 1. Model of the 400 kV part of a substation 

 
The computation of the electric field is defined by known 
potentials of wires, which are equal to phase-to-ground 
voltages of symmetrical three-phase system. As the limit 
value of occupational exposure is defined in the case of a 
homogeneous field, we have to calculate the mean value 

of the effective value of the magnitude of the electric 
field between the ground and the height of 2 m.  
The results are shown in Fig. 2. 
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Figure 2. Areas of occupational stay 
 

 



Another example taken into consideration is the 
intersection of 400 kV and 110 kV transmission lines. 
Effective value of  electric field is calculated on 
rectangular plane 2m above ground (Fig.3.) 

Results of the calculation are shown in Fig.4. Maximal 
values of electric field strength is Eeff,max = 3300 V/m, 
therefore analysis has to be done for general public 
exposure. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

Figure 3. Intersection of transmission lines 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 4. Electric field strength 2 m above ground 
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Final result of the analysis is the determination of the 
area in which the general public exposure in duration of 
24 hours per day is forbidden. This is the area where 
effective value of the electric field strength exceeds 2000 
V/m. This area is shown in Figure 5. 

 

 

 

 

 

 

 

 

 
 

Figure 5. Area in which is general public exposure forbidden 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4.    Conclusion 
A numerical method for computation of low-frequency 
electric field near power apparatus and systems that may 
be used for analysis of occupational and general public 
field exposure has been proposed. The computation is 
based on the numerical solution of the boundary integral 
equations by point matching technique and may be easily 
applied to any complex three-dimensional geometry. 
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